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Study of the s tabi l i ty  of plane pa ra l l e l  flows of a viscous incompress ib le  fluid with the aid of the O r r - S o m m e r f e l d  
equation has found increas ing  application recent ly ,  both to const ruct  the neutral  curves  and find the c r i t i ca l  Reynolds 
numbers  [1] and also for the f i r s t  a t tempts  to p red ic t  theore t ica l ly  the turbulent mean veloci ty prof i les  [2]. 

The problem reduces  mathemat ica l ly  to finding the eigenvalues for the equation 

~Iu __ 2~2qj, _~_ 0r = iaR [(u -- c) (tp" -- (z2~) -- u"~] (1) 

with homogeneous boundary conditions for the function q~. Here  u = u(y) is the veloci ty  prof i le  of the flow being analyzed 
for stabili ty;  q~ = q~(y) is the complex ampli tude of the dis turbed motion s t r eam function, having the fo rm 
~(y) exp [ ia(x - ct)]; a is the wavenumber;  R is the Reynolds number; c is the unknown eigenvalue. F o r  Im c > 0 there  
is exponential  growth of the d is turbances  (instability); for  !m c < 0 there  is decay. 

To date all the numer ica l  methods have made it poss ib le  to ca lcula te  the eigenvalues of (1) only for compara t ive ly  
smal l  values of ~R--no m o r e  than 104-105. 

In [3] a technique for calculat ing the eigenvalues  was proposed which makes  it poss ib le  to p rac t i ca l ly  r emove  
the l imita t ions  on the magnitude of aR  and obtain the eigenvalues  with a specif ied prec is ion .  

The object ive  of the p r e sen t  study is to: 1) show the effect iveness  of the method of [3] using the example of the 
s~udy of Po iseu i l l e  flow stabi l i ty  in a plane channel, where  the re  is extensive poss ibi l i ty  for compar i son  with the 
resu l t s  of other  authors; 2) compare  the resu l t s  of the numer ica l  and asymptot ic  methods over  a wide range of values 
of aR; 3) fil l  in the gap in the study of plane Poiseu i l l e  flow stabi l i ty--f ind the dependence of the eigenvalue on the 
wavenumber  a.  This  last  analysis ,  which is of independent in teres t  as well,  may be used to study the nonl inear  
s tabi l i ty  of Po i seu i l l e  flow. 

The algori thm of [3], somewhat  modified,  was used to calcula te  the eigenvalues.  The integrat ion of the sys tem 
of equations was made using the Runge-Kutta  method with automatic  se lec t ion  of the step and fixed r e l a t ive  
prec i s ion .  The resu l t s  re la t ing to the neutral  curve  were  obtained to f ive signif icant  p laces ,  and the other  resu l t s  
have at l eas t  th ree  signif icant  p laces .  

All the resu l t s  he rea f t e r  a re  r ep re sen ted  in d imens ion less  p a r a m e t e r s ,  based on the average  (discharge) 
veloci ty ,  channel half-width, and molecu la r  v iscos i ty .  The eigenvalue is wri t ten in the form c = X + iY. 

F igure  1 shows the "nose" of the neutral  curve,  computed by the authors (curve 4) for compar i son  with o ther  
resu l t s  obtained by both asymptot ic  (curve 1 [4], 2 [1], 3 [5]) and numer ica l  methods (c rosses  a r e  data of [6], 
squares  are  data of [7]). 
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We see  in Fig. 1 that the numer ica l  calculat ions yield somewhat  different  resu l t s  in compar i son  with the 
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c a l c u l a t i o n s  u s i n g  d i f f e r e n t  a s y m p t o t i c  a p p r o x i m a t i o n s .  

On the  o t h e r  hand ,  a l l  the  n u m e r i c a l  r e s u l t s  found in the  l i t e r a t u r e  a g r e e  wi th  t he  r e s u l t s  of the  p r e s e n t  a u t h o r s  
to w i t h i n  t h e  g r a p h  p r e c i s i o n .  F o r  e x a m p l e ,  fo r  the  c r i t i c a l  p o i n t  of t h e  n e u t r a l  c u r v e  

R ,  a ,  X Y 

[r] 3&~8.0~ t .02071 0.39603 0.00000 
Authors 3848.15 t. 0204t 0.39598 --0.6. t0 -s 

F i g u r e  2 s h o w s  the  n e u t r a l  c u r v e  ( c u r v e  2) c a l c u l a t e d  by  t h e  a u t h o r s  up to R = 2 .5 .108 .  T h e  p u r p o s e  of t h e s e  
c a l c u l a t i o n s  was  p r i m a r i l y  to  d e m o n s t r a t e  t h e  e f f e c t i v e n e s s  of t h e  me thod .  The  c o m p u t a t i o n s  w e r e  m a d e  on a Bt~SM-6 
c o m p u t e r .  T h e  n e u t r a l  p o i n t s  w e r e  found by  the  s e c a n t  m e t h o d .  T h r e e  to f ive  e i g e n v a l u e s  w e r e  c a l c u l a t e d  to f ind a 
s i n g l e  n e u t r a l  po in t .  T h e  c o m p u t i n g  t i m e  f o r  a s i n g l e  e i g e n v a l u e  in t he  n o s e  r e g i o n  did not  e x c e e d  a s econd .  
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Fig.  2 

The  n u m e r i c a l  c a l c u l a t i o n s  a g r e e d  exac t ly  w i th  the  r e s u l t s  of a s y m p t o t i c  t heo ry .  The  n e u t r a l  c u r v e  in a b r o a d  
r a n g e  of R e y n o l d s  n u m b e r s ,  o b t a i n e d  b y  t he  a s y m p t o t i c  m e t h o d s ,  is p r e s e n t e d  in the  s u r v e y  p a p e r  [8]. T h e  d a s h - d o t  
l i n e s  in Fig .  2 show t h e  L in  a s y m p t o t e s  f o r  the  u p p e r  and l o w e r  b r a n c h e s  of t he  n e u t r a l  c u r v e  f r o m  the  da t a  of [8]: 
b r a n c h  3 - ~ = (400/R)  1/11, b r a n c h  4 - ~ = (142/R)I /~ .  Bo th  the  a s y m p t o t i c  and t he  n u m e r i c a l  r e s u l t s  i n d i c a t e  a 
" s t e p "  in the  u p p e r  b r a n c h  a t  R = 0 .7086 .108 .  T h e r e  is a s i m i l a r  s t e p  in the  c u r v e  fo r  the  p h a s e  v e l o c i t y  X ( c u r v e  5). 
T h i s  is  e x p l a i n e d  in t he  a s y m p t o t i c  t h e o r y  by the  loop in  the  T i e t j e n s  f u n c t i o n  [8]. The  d a s h e d  l i n e  in  Fig.  2 ( c u r v e  1) 
s h o w s  t he  r e l a t i o n  (~(R) a long  the  r i d g e  max(~Y(R),  w h i c h  c a n  be  a p p r o x i m a t e d  fo r  R > 100 by  t he  r e l a t i o n  

= (10 /3)R -1/7 to w i t h i n  a p e r c e n t .  The  r i d g e  ha s  an apex  (shown by the  c r o s s  in Fig.  2), w i th  the  p a r a m e t e r s  
R = 74~ 103, ~ = 0.678,  X = 0.1897,  Y = 0 .01577,  a f t e r  w h i c h  Y d e c r e a s e s  a p p r o x i m a t e l y  a c c o r d i n g  to t he  law 
y = 1 / ~ ( ~ R ) - ~ / 4 .  

We note  t h a t t h i s  p i c t u r e  d i f f e r s  c o n s i d e r a b l y  f r o m  [1], w h e r e  c o n t o u r s  a r e  p r e s e n t e d  f o r  Y > 0 o b t a i n e d  on the  
b a s i s  of t he  a s y m p t o t i c  t h e o r y .  With  r e d u c t i o n  of R a long  c u r v e  1 in Fig .  2, a a p p r o a c h e s  2.81,  w h i c h  c o r r e s p o n d s  to 
i t s  v a l u e  fo r  a s t a t i o n a r y  f luid.  

We h a v e  b e e n  f o r c e d  to avo id  a t a b u l a r  r e p r e s e n t a t i o n  of the  r e s u l t s  b e c a u s e  of the  l a r g e  v o l u m e  of d a t a  and 
p o o r  v i s i b i l i t y  of the  t a b u l a r  f o r m .  T h e  fo l lowing  a r e  only  the  v a l u e s  f o r  t he  end p o i n t s  of the  n e u t r a l  c u r v e :  

R ce X Y 

Upper branch 0.250.109 0.310 0.037i --0.227.t0-0 
Lower branch 0. 290.107 0.254 9.053S --0. t72.10-~ 

L i n ' s  a s y m p t o t i c  t h e o r y  y i e l d s  v a l u e s  w h i c h  do not  d i f f e r  g r a p h i c a l l y  f r o m  o u r  n u m e r i c a l  r e s u l t s  f o r  R >- 10 5 . 

It is  of i n t e r e s t  to f ind  the  d e p e n d e n c e  of the  e i g e n v a l u e  on  t he  wave  n u m b e r  ~. To s tudy  t h i s  d e p e n d e n c e  o v e r  t he  
e n t i r e  r a n g e  of wave  n u m b e r s  f r o m  z e r o  to in f in i ty ,  we m u s t  c o m b i n e  the  n u m e r i c a l  c a l c u l a t i o n s  wi th  t h e  a s y m p t o t i c  

d e s c r i p t i o n  f o r  v e r y  s m a l l  and v e r y  l a r g e  v a l u e s  of ~. 

The  fo l l owing  a s y m p t o t i c  r e l a t i o n s  (Fig.  3) a r e  va l i d  f o r  an a r b i t r a r y  p r o f i l e  u(y) ~ c~ f o r  the  f i r s t  e i genva lue :  

y ~ _ ~ 2 / c ~ R  (smallcq curve 6) (2) 
Y ~ --  a //~ (large a, curves 7) (3) 

H e r e  t h e  l i m i t i n g  v a l u e s  of the  p h a s e  v e l o c i t y  X wi l l  depend  on  the  f o r m  of t he  p ro f i l e ;  fo r  e x a m p l e ,  f o r  the  
P o i s e u i l l e  p a r a b o l a  X = 0.62. 

In Fig.  3 the  so l id  c u r v e s  a r e  the  n u m e r i c a l  r e s u l t s  f o r  the  d e p e n d e n c e  of X and Y on ~ f o r  R = 102, 103, and 
104 ( c u r v e s  1, 2, and 3, r e s p e c t i v e l y ) .  
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In the genera l  case,  for  f ixedR,Y(c0  has two local maxima.  One of them is reached for  (~ of o rde r  unity and, 
beginning with R = 3848, r i s e s  above the zero  level ,  fo rms  the neutral  curve,  and cor responds  to instabil i ty (curve 4). 
Another  local maximum exists  for R -> 164, is located considerably  lower, and is reached for ~ on the o rde r  of tens 
and hundreds (curve 5). The re la t ion X = 1.13, o~RY = -12.96 holds for curve  4 for smal l  ~. For  l a rge  ~ the following 
re la t ions  hold quite well along cu rves  4 and 5: 

c ~.~ 7.5 (~R) -V' + i~ -1 (aFt) -'/" (4) 

c ~ ( r  (2~ - -  i 3.86) (5)  

We note that as Y(~) approaches the asymptotic  re la t ion  (3) the phase  ve loc i t i es  are  descr ibed  well by the 
re la t ion 

(6) 

(Formulas  (4)-(6) were  obtained empi r i ca l ly  on the basis  of the numer ica l  exper iments . )  

Thus, in the R range studied the eigenvalues (1) for the Po i seu i l l e  parabola  will  be defined. 

In conclusion the authors wish to thank M. A. Gol 'dshtik for his in te res t  in the study and valuable advice. 
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